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HAMILTONIAN 5 * 1 -MANIFOLDS OF DIMENSION 2 n WITH 
n + 2 ISOLATED FIXED POINTS 

HUI LI 


Abstract. Let (M, uj) be a compact 2n-dimensional symplectic man¬ 
ifold equipped with a Hamiltonian S' 1 action with n + 2 isolated fixed 
points. We will see that n must be even. Such an example is G 2 (R n+2 ), 
the Grassmanian of oriented 2-planes in R™ +2 with n even, equipped 
with a standard S 1 action. We show that if the S 1 representations at 
the fixed points on M are the same as those of the standard S 1 action 
on G 2 (R"+ 2 ), then the integral cohomology ring and total Chern class 
of M are the same as those of G 2 (R" +2 ); on the other hand, if M has 
the same integral cohomology ring as G 2 (R n+2 ), then the S 1 representa¬ 
tions at the fixed points are the same as those of the standard S 1 action 
on G 2 (R" +2 ). 

In particular, if M is Kahler and the action is holomorphic, then 
any of the following 3 conditions implies that M is equivariantly biholo- 
morphic and symplectomorphic to G 2 (R n+2 ): (1) M has the same first 
Chern class as G 2 (R n+2 ), (2) M has the same integral cohomology ring 
as G 2 (R n+2 ), and (3) the S 1 representations at the fixed points are the 
same as those of the standard S 1 action on G 2 (R n+2 )- 


1. Introduction 

Let S 1 act on a compact 2n-dimensional symplectic manifold (M, u) with 
moment map d>: M — > R. Since dim I7 2 '(M; R) > 1 for all 0 < 2i < 2 n, 
and (j) is a perfect Morse-Bott function, the above action has at least n + 1 
fixed points. In [7], we studied the case when the action has exactly n + 1 
isolated fixed points. Such examples are some standard S' 1 actions on CP” 
and on G < 2 (R n+2 ), the Grassmanian of oriented 2-planes in R ri + 2 with n > 3 
odd. Let M' denote CP n or G 2 (R n+2 ) with n odd in the latter. Then 
the following conditions are equivalent: M has the same first Chern class 
as M 1 . M has the same integral cohomology ring as M', M has the same 
total Chern class as M' , and the S 1 representations at the fixed points are 
the same as those of a standard S 1 action on M'. If M is Kahler and the 
action is holomorphic, then any one of these conditions implies that M is 
equivariantly biholomorphic and symplectomorphic to M' equipped with a 
standard 5 1 action. 


Key words and phrases. Symplectic manifold, Hamiltonian circle action, equivariant 
cohomology, Chern classes, Kahler manifold, biholomorphism, symplectomorphism. 
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In this paper, we consider a Hamiltonian S 1 action on a compact 2n- 
dimensional symplectic manifold with n + 2 isolated fixed points. The mo¬ 
tivation comes from the work in [7] and the following example. 

Example 1.1. Let G 2 (M n+2 ) be the Grassmanian of oriented 2-planes in 
M n+2 , with n > 2 even. This 2 n dimensional manifold naturally arises as a 
coadjoint orbit of SO(n + 2), hence it has a natural Kahler structure and a 
Hamiltonian SO(n + 2) action. 

Consider the S 1 action on Lr 2 (M n+2 ) induced by the S 1 action on M n+2 = 

n+2 

(L 2 given by 

A - {z 0 ,z lr -- ,zn) = (\ b °z 0 ,\ bl zi,--- , 

where the bf s, with i = 0,1, - - - are mutually distinct integers. This 
action has n + 2 isolated fixed points Po, Pi, ■ ■ ■, and P n +i, where for each i, 
Pi and P n+ \-i are given by the plane (0, • ■ ■ , 0, Zi, 0, ■ • • ,0) respectively with 
two different orientations. Let (f> be the moment map of this S 1 action. Then 
the moment map values of the Pi s are respectively — bo, ■ • • , —bii ,&«,-■■ , bo, 
assuming in the order of nondecreasing. The set of weights of the action at 
Pi is 

{ w ij} = — tp(Pi)} jjli,n+l—i- 

The manifold G 2 (K n+2 ) is also a complex quadratic hypersurface in CP n+1 . 
Our first two main results are as follows. 

Theorem 1.2. Let S 1 act on a compact 2n-dimensional symplectic manifold 
( M, oS) in a Hamiltonian fashion with n + 2 isolated fixed points. Then n 
must be even. If the S 1 representations at the fixed points are the same as 
those of a standard S 1 action on G 2 (M n+2 ), then the integral cohomology 
ring and total Chern class of M are the same as those o/G 2 (M n+2 ). 

Theorem 1.3. Let S 1 act on a compact 2n-dimensional symplectic manifold 
(M, oj) in a Hamiltonian fashion with n+2 isolated fixed points. If M has the 
same integral cohomology ring as G 2 (M n+2 ), then the S 1 representations at 
the fixed points are the same as those of a standard S 1 action on G 2 (M n+2 ). 

For a Hamiltonian S' 1 action on a compact 2n-dimensional symplectic 
manifold (. M,uj ) with n + 2 isolated fixed points, the moment map values 
of the fixed points are “almost mutually distinct” (see Lemma 12.11) . If they 
are mutually distinct, and if [w] is an integral class, then M admits a quasi- 
arnple complex line bundle (see [7[ Sect. 4]). By Hattori’s work, under an 
additional assumption, we have the implication: if M has the same first 
Chern class as G 2 (M n+2 ), then the S' 1 representations at the fixed points are 
the same as those of a standard S 1 action on G 2 (M n+2 ) (see |3j Theorem 
6.17 and Proposition 6.26]). Hence with Hattori’s additional assumption, 
Hattori’s work and our Theorems 11.21 and II.31 give us a similar “4 equivalent 
conditions” as for the case when there are n+ 1 isolated fixed points. 
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In the case when M is Kahler and the action is holomorphic, we have the 
following result. 

Theorem 1.4. Let the circle act holomorphically and in a Hamiltonian 
fashion on a compact Kahler manifold M of complex dimension n with n + 
2 isolated fixed points. Then any one of the following conditions implies 
that M is equivariantly biholomorphic and symplectomorphic to Lr 2 (M n+2 ), 
equipped with a standard S 1 action. 

(1) M has the same first Chern class as G 2 (K n+2 ) ; 

(2) M has the same integral cohomology ring as G < 2 (M n+2 ), and 

(3) the S 1 representations at the fixed points are the same as those of a 
standard S 1 action on (^(M™" 1 " 2 ). 

The organization of the paper is as follows. In Section [2l we prove a 
preliminary lemma for the next sections. In Section^ we prove Theorem ll.21 
and in Section [4] we prove Theorem 11.31 Each of these two sections contains 
a preliminary part for the proof of the main theorem. In Section 11.41 we 
prove Theorem 11.41 

Acknowledgement. I would like to thank Martin Olbermann for answering 
a question I asked on topology when I did the work [7], I benefited from his 
answer. I also thank him for suggesting the reference [9j to me. 

2. Compact Hamiltonian S' 1 -manifolds of dimension 2 n with n + 2 

ISOLATED FIXED POINTS 

Let (M, u) be a compact symplectic manifold equipped with a symplectic 
circle action. There exist S' 1 -invariant almost complex structures J: TM — > 
TM which are compatible with uj, i.e., w(</(•), •) is an invariant Riemannian 
metric. The set of such structures on (M, uf) is contractible. Assume the 
fixed points of the S 1 action are isolated. Then at each fixed point P, there 
is a well defined set of nonzero integers, called the weights of the action; and 
the normal bundle to P naturally splits into subbundles, one corresponding 
to each weight. If the S' 1 action on M is Hamiltonian with moment map 
(j>: M — > M, then f> is a perfect Morse function, with critical points being 
the fixed points of the action. At each fixed point P, the negative normal 
bundle to P is the subbundle with negative weights, and the positive normal 
bundle to P is the subbundle with positive weights. If Xp is the number of 
negative weights (counted with multiplicities) at P, then the Morse index 
at P (for the Morse function <f) is 2Ap, it is the dimension of the negative 
normal bundle to P. Similarly, the Morse coindex at P is 2n — 2Ap. 

Lemma 2.1. Let the circle act on a compact 2n-dimensional symplectic 
manifold ( M,u ) with moment map cf>: M —> R. Assume the fixed point set 
consists of n + 2 isolated points, Pq, ■ ■ ■, PP^+\, , P n +i- Then n must 

be even, and for each i with 0 < i < Pi has Morse index 2 i, and for each 
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i with % + l<i<n + l, Pi has Morse index 2 i — 2 , and 

( 2 . 2 ) <j>(P Q ) < ■■■ < (j)(Pn) < <f)(Pn +1 ) < <f)(Pn +2 ) < ■ ■ ■ < (j)(P n+1 ). 

Moreover, the cohomology groups of M are 

{ Z, if k is even, 0 < k < 2 n, and k ^ n, 

Z©Z, if k = n, 

0, if k is odd. 

For a CW-structure of M, the negative disk bundle of a fixed point of index 
2 i is a ‘li-cell, it contributes to Z). 

Proof. Since M is compact and symplectic, dim H 2l (M) > 1 for all 0 < 

2 i < 2n. The moment map is a perfect Morse function, whose critical 

points — the fixed points of the S 1 action, all have even indices. Hence 
there is at least one fixed point of index 2 i for each 0 < 2i < 2n. By 
assumption, there is a remaining fixed point, let 2k be its Morse index. Since 
dim H 2l (M) = dim H 2n ~ 2l (M) for all 0 < 2i < 2n by Poincare duality, the 
remaining fixed point forces that 2k = 2n — 2k, which implies that 2k = n, 
i.e., n is even, and the remaining fixed point has Morse index n. We name 
the fixed points as Pq, Pi, ■ ■ ■ , P n + 1 , where for each i with 0 < * < §, -Pj 
has Morse index 2 i, and for each i with ^ + l<i<n + l, Pi has Morse 
index 2i — 2. 

By the following Lemma 12.31 we have <j1(Pq) < 4>(Pi) < ■ ■ ■ < 4>(Pn) < 
(j>(Pn + f). Using Lemma 12.31 for the reversed circle action and —<j), we have 
~<t>(Pn+ 1 ) < -<t>{Pn) < ■ ■ < ~<t>(P!l+ 1 ) < —( t>(Pn ). The two inequalities 
give (|2.2|) . 

By Morse theory, M has a natural CW-structure - its cells are the 
negative disk bundles of the fixed points, which are all even dimensional. 
By cellular cohomology theory, we have the claimed cohomology groups of 
M and the contributions to these groups. □ 

Lemma 2.3. [TU I Lemma 3.1] Let the circle act on a compact symplectic 
manifold (M,u) with moment map <f\ M —>■ M. Given any fixed component 
F, we have 

2A F < ( dim (^) + 2 ) , 

where 2\p is the Morse index at F, and the sum is over all fixed components 
F' such that <f{F') < <j>(F). 

3. Proof of Theorem 11.21 

In this section, we will use equivariant cohomology to prove Theorem [L2j 
Let us first set up the technical tools needed. 
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3.1. Equivariant cohomology and equivariant Chern classes. 

For a smooth S' 1 -manifold M, the equivariant cohomology of M in 
a coefficient ring R is Hg 1 (M- R) = H*(S°° Xgi M\R ), where S' 1 acts on 
S°° freely. If P is a point, then Hg 1 (P]R) = iL*(CP°°; R) = P[t], where 
t G i/ 2 (CP°°; .R) is a generator. If S 1 acts on M trivially, i.e., it fixes M, 
then Hg 1 (M; R) = H*(M\R ) 0 R[t] = H*(M;R)[t\. The projection map 
7 r: S°° x <yi M —> CP°° induces a pull back map 

7r* : iP(CP°°;P) -A- H* S1 (M-R), 

so that Hg 1 (M;R) becomes an H*(C¥°°-,R) module. 

Let () be a compact Hamiltonian S-manifold with moment map 
4>\ M —t- R. Assume the hxed point set M s consists of isolated points. So 
M s has no torsion cohomology. Let P be a fixed point. Let 

M± = {x G M | 0(x) < ^(P) ± e}, 

where e is small, and assume P is the only hxed point in M + — M_. By 
Morse theory, M + has the homotopy type of M_ glued with the negative disk 
bundle of P. Consider the long exact sequence in equivariant cohomology 
with Z coefficients for the pair (M + ,M_): 

-> P* 1 (M+,M_; Z) -A Hg! (M + ; Z) -A P^(M_;Z) 

Let Ap be the product of the weights on the negative normal bundle Np 
to P. The equivariant Euler class e s (Np) of Np, is equal to A pt Xp . 
In the above sequence, H* 1 (M + , M_] Z) = Pf*^ 2Xp (P-, Z), and the map to 
\ Z) is multiplication by e sl (Np), where e sl (Np) is the equivariant 
extension to M of e s (Np). The fact that M s has no torsion cohomology 
makes the map Hg 1 (M + , M_; Z) —> Hg 1 (M + ; Z) injective (for all degrees 
*’s), hence the long exact sequence splits into a short exact sequence 

(3.1) 0 -A- Hg! (M+, M -; Z) -A H* S1 (M+,Z) -A H* S1 (M-,Z) -A 0. 

The sequence (13.11) is a crucial starting point to prove the following “injectiv¬ 
ity” and “surjectivity” theorems. The inclusion map i : M sl -A- M induces 
an injection 

(3.2) P: H* S1 (M-Z) ^ H* sl (M sl -Z), 

and the natural restriction map from equivariant cohomology to ordinary 
cohomology is a surjection 

(3.3) H* s1 (M- Z) -» H*(M ; Z). 

The “injectivity” (13.21) means that an equivariant cohomology class is deter¬ 
mined by its restriction to the fixed point set. The “surjectivity” (13.31) and 
the Leray-Hirsch theorem imply that the kernel of the map (13.31) is the ideal 
generated by 7r *(t). Hence, to compute the ordinary cohomology of M. it is 
enough to determine the equivariant cohomology of M as an H* (CP°°, Z) 
module. The “injectivity” and “surjectivity” theorems for cohomology in Q 
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coefficients were given by Kirwan [5], and in Z coefficients, by Tolrnan and 
Weitsman HU- The preliminary sections in m and [8] gave more details 
on the arguments. 

By similar arguments, we can have a basis of H^i (M ; Z) as an H* (CP°°; Z) 
module as follows. 

Proposition 3.4. Let the circle act on a compact symplectic manifold ( M,u ) 
with moment map (f>: M R. Assume the fixed points are isolated. Then 
for each fixed point P of index 2A p, there exists a class ap G H^ Xp (M; Z) 
such that 

ap\p = Apt Xp = e sl (Np ), and 

ap\p/ = 0 for any other fixed point P' with <j>(P') < (f>(P). 

Moreover, such classes ap’s with P € M sl form a basis for Hg 1 (M m , Z) as 
an H* (CP°°; Z) module. 

The following corollary is slightly different from [TOl Corollary 2.3]. 

Corollary 3.5. Let the circle act on a compact symplectic manifold (M, oj) 
with moment map <p: M —» M. Assume the fixed points are isolated. Let 
P G be a class such that j3\p = 0 for all the fixed points P with 

4>(P) < a for some aGl. Then 

P = ^ a P a P , 

0CP)>«,deg(a P )<deg(/3) 

where ap is the basis element as in Proposition \3.f\ the sum is over all 
the fixed points P’s with <p(P) > a and deg(ap) < deg(/3), and ap G 
H* S1 (P; Z) ^ H*( CP°°;Z). 

Proof. By Proposition 13.41 we can write 

p = ^2 a P a p- 

PeM sl 

Restricting this equality to the fixed points in the order that their moment 
map values are nondecreasing, we get inductively that ap = 0 for all P with 
p(P) < a. Then consider the degrees of both sides, we obtain the claim. □ 

Now let (M, to) be a compact 2re-dimensional symplectic 5 1 -manifold with 
isolated fixed points. Let P be a fixed point, and {w\,W 2 , ■ • • , w n ) be the 
set of weights at P. We denote the equivariant total Chern class of M 
as 

(3.6) c s \M) = l + cf\M) + --- + cf(M)eH* sl {M;Z), 

with cf J (M) G H^\ (M ; Z) the z-th equivariant Chern class of M. The 
restriction of cf 1 (M) to P is 

(3.7) cf(M)\ P = a i (w 1 ,--- ,w n )t\ 
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where ai(w i,-‘‘ j w n ) is the i-th symmetric polynomial in the weights at 
P. In particular, if e s (Np) denotes the equivariant Euler class of the 
normal bundle Np to P, then 

e S \Np ) = cf (M)| P = ( Ylwi)t n . 

i 

We will denote the total Chern class of M as 

c(M) = 1 + ci(M) + • • • + c n {M) € H*{M- Z), 

with Cj(M) € H 2l (M\ Z) the z-tli Chern class of M. 

Finally, the projection 7 r: S°° X 51 Jtf A CP°° induces a natural push 
forward map 7 r* : Hg 1 (M]Q) —>• Lf* (CP°°; Q), which is given by “integration 
over the fiber M”, denoted J M . We will use the following theorem due to 
Atiyah-Bott, and Berline-Vergne mm- 

Theorem 3.8. Let the circle act on a compact manifold M. Assume the 
fixed points are isolated. Fix a class a £ H* sl (M ; Q). Then as elements of 

Q(t), 

j _ a \p 

where the sum is over all the fixed points. 

3.2. Proof of Theorem 11.21 

Let be a compact 2n-dimensional Hamiltonian S^-manifold with 

moment map <p: M —>• M. Assume the fixed point set consists of n + 2 
isolated points, Pq, Pi, • • •, P n +\ , with Morse indices as in Lemma 12.11 We 
set up the following notations. 

• Tj: the sum of the weights of the S l action on the normal bundle to 
Pt; 

• A; : the product of the weights of the S 1 action on the normal bundle 
to Pi] 

• AjA the product of the negative weights of the S ' 1 action on the 
normal bundle to Pp, 

• Aj 1- : the product of the positive weights of the S 1 action on the 
normal bundle to Pj. 

We first prove the following results. 

Proposition 3.9. Assume we have the above assumptions. Then as a 
iP(CP°°;Z) module, iL^MjZ) has a basis ,a n+ i}, such that 

the restrictions of these classes to the fixed points are determined by the 
weights of the S 1 -action as follows. 

For each i with 0 <i<\, we have 

Oj|p i = A ft 1 , on\p k = 0 for all k with k < i, and 


(3.10) 
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Y _p. 

(3.11) a i\p k = At JJ —--— f or eac h k w 'Hh k > i. 

J<1 J 

For each i with ^-\-\<i<n + \, we have 

(3.12) a i\Pi = A ai\p k = 0 for all k with k < i, and 


(3.13) 


a i\Pk ~ ~ 


A k 


n 


a - + jAu r * - r 


r — r 

—--— 1 1-1 for each k with k > i. 


Proof. We use Proposition 13.41 to construct the basis. 
First, consider the case 1 < i < f • Note that the class 


OLi = 



c s 

c i 


1 (M) - r jt 

r< - r . ; 


satisfies (13.101) . by Proposition 13.41 we can take these afs as basis elements. 
(Thanks |10l Proposition 3.9 or Corollary 3.14] for the forms of these classes.) 
Restricting a* to P k with k > i, we get (13.111) . 

Next we consider the case ^ + 1 < i < n + 1. For i = % + 1, by Propo¬ 
sition 13.41 and m , there exists a basis element £ /(/((, (i\I ! ) such 

that 


ocn + i\p n = An .it 2 , and an + i|p, = 0 for all k with 0 < k < §. 

If 4>(P%) < <j)(P”+i), then a» +1 |p n = 0 also holds by Proposition 13.41 If 

4>(Pn) = <£(P» +1 ), let M»_i = {x <E M | </>(x) < </>(Pn)}. Since Pii and 
are of the same Morse index, and are disjoint, we may first glue the 
negative disk bundle of to and let M_ be the resulting space. 

Then we glue the negative disk bundle of P^+i to M_, and let M + be the 
resulting space. Then (13.11) implies that a.n + i\p n = 0. Hence (13.121) holds 
for i = ?% + 1. For any other i with ^ + l<z<n + l, by Proposition 13.41 
and (12.21) . the basis elements satisfying (13.121) exist. It remains to find a j| p k 
for k > i, or prove (13.131) . Note that the class 

(«*■ II (cf(M)-r^)) 

j>i,j^k 

has degree less than 2 n = dim(M). Using Theorem 13.81 to integrate this 
class on M, we get 

_ Oil Pi • Ylj^k (L — D a i\p k ' n j>i,j^k — D 

■ “ A* + T k • 

Solving this and using (13.121) , we get (13.131) . □ 


Proof of Theorem \1.2[ Let M 1 = C? 2 (M n+2 ). By assumption, there is a bi- 
jection f: M s —>• ( M') s such that as bundles equipped with S ' 1 actions, at 
each fixed point P, /*(TpM) = Tj^M'. By Proposition 13.91 / induces an 
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isomorphism Hg 1 (M]Z)\p = ^)|/(p)) for all P £ M 51 , and by 

(HD and (|3.7|> . / also induces an isomorphism c sl (M)\p = f*^c sl (M')\f^p^ 
for all P £ M sl . By injectivity (13.21) . we have H^ 1 (M ; Z) = f*(Hg 1 (M t ; Z)) 
as Lf*(CP°°;Z) modules, and c? 1 (M) = f* (c sl (M 7 )). By surjectivity (13.3|) . 
we have isomorphisms H*(M]Z) = Z)) as rings, and c(M) = 

r( c (M')). □ 

4. Proof of Theorem 11.31 

In this section, we prove Theorem 11,31 First, we give some preliminary 
results needed. 


4.1. Preliminaries for the Proof of Theorem 11.31 

First, we have the following equivariant extension u of the symplectic 
class [w] for a Hamiltonian 5 1 -space. 

Lemma 4.1. |8j Lemma 2.7] Let the circle act on a connected compact 
symplectic manifold (M,u) with moment map fi: AI —> R. Assume [w] is 
an integral class. Let Fq be a fixed component (for example, the minimum 
of 4>). Then there exists u £ Hg X (M; Z) such that for any fixed component 

F, ' 

u\f = Mf] + t - 4>{F)). 

For a Hamiltonian S’ 1 -nranifold M, when i7 2 (M;M) = M, we can express 
ci (AI) as follows. 


Lemma 4.2. [6, Lemma 2.3] Let the circle act on a connected compact sym¬ 
plectic manifold (M, u) with moment map fi: AI —>• M. Assume H 2 (AP,W) = 
M. Then 


ci (AI) = 


r p — r pi 




<KF’) - fi(F) 

where F and F' are any two fixed components such that <f>(F') 4>(F), and 

r f and r pi are respectively the sums of the weights at F and F'. 


For a symplectic 5' 1 -manifold, when there exists a finite stabilizer group 
Z|, C S 1 , where k > 1, the set of points, Al Zk C M, which is fixed by Z^ 
but not fixed by S 1 , is a symplectic submanifold, called an isotropy sub¬ 
manifold. If an isotropy submanifold is a sphere, it is called an isotropy 
sphere. 


Lemma 4.3. [)7| Lemma 2.2] Let the circle act on a connected compact 
symplectic manifold (M, lj) with moment map < f: AI —> M. Assume [w] is 
integral. Then for any two fixed components F and F', fi(F) — <f>(F') £ Z. 
If Zfc fixes any point on AI, then for any two fixed components F and F' on 
the same connected component of the isotropy submanifold M ^, we have 
k\MF')-<i>(F)). 


In this section, we assume that AI has the same integral cohomology ring 
as G < 2 (M n+2 ) with n even. This ring structure is as follows. 
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Lemma 4.4. [9j Theorem 5.1] The integral cohomology ring o/G , 2 (M ra+2 ) 
with n even is as follows. The generators are: (we are using 3 different 
forms for the last ^ generators.) 

n_ _I 

1 , x, ■ ■ • , x 2 ,y,z, and 


1 n 

xy = xz = —x 2 


+i 


2 2 
x y = x z = 


-x 2 


+2 


X 2y = X? z = -x ‘ 
’ y 2 


where deg(x) = 2, and deg(y) = deg(z) = n. More relations are: x 2 = 
y + z, and when n = 4k + 2 , ^x” = yz, and y 2 = z 2 = 0; when n = 4 k, 
\x n = y 2 = z 2 , and yz = 0 . 


Before going to the proofs, let us define the following spaces. 


Definition 4.5. Let the circle act on a compact symplectic manifold (M, u>) 
with moment map cf: M —> R. Assume the fixed point set consists of n + 2 
isolated points, Pq, Pi, •••, and P n +\ ■ By Lemma [ 2.11 we may take real 
numbers a t with i = — 1 , 0 , • • • , ^ — 1 , § + 1 , • • • , n + 1 such that 

a -1 < <f>(Po) < oo < 4>(Pi) <«!<••< 0(-Pf-i) < an_! < </>(Pn) < ^(Ps+i) 


^ + l ^ ^ $(Pn+l) ^ ®n+l- 

Define 

Mi = {x € M | 0(x) < a,;}. 

Let Mn be the space obtained by gluing the negative disk bundle DM of Pn 
2 2 2 

to Mi_i, denoted 
2 

Mu = M »_1 U On . 

2 2 1 2 

Since the negative disk bundle DM . of Pn +1 have the same dimension as 

2 2 

DM, the gluing of the boundary of DM,-, to Ma. cannot be surjective to DM, 
2 2 ' 1 2 2 

hence the gluing of DM . is homotopic to a gluing of DM ,. to Mi_j. Let 
2 + 1 2 2 

Mi +1 be the resulting space, denoted 


Define similarly 


Mi±i 

2 t 


= Mn _i U Dn +1 . 
2 2 ' 


M; 


{x € M | </>(x) > aj_i}, Mn +1 = Mn +2 U and 

2 2 2 


Mn = M'n , 9 UDit, 

2 2 ' Z 2" 

where Dt +1 and Dit are respectively the positive disk bundles to P^+i and 

PlL. 

2 
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4.2. Proof of Theorem II.3L 

In this subsection, assume we have the following assumption. 

Assumption 4.6. Let the circle act on a compact symplectic manifold 
(. M,uj ) with moment map M —> R. Assume the fixed point set consists 
of n + 2 isolated points, Pq, Pi, ■ ■ •, P n + 1 - Assume [u;] is primitive integral, 
and M has the same integral cohomology ring as G 2 (K n+2 ) (to is even by 
Theorem nzp . 

First of all, since [w] is integral, by Lemma 14.31 for any i and j, 4>(Pi) — 
(j>(Pj) £ Z. We have the following results, which follow from Lemmas 14.221 
MB and rrm 

Proposition 4.7. Assume Assumption \4-6\ holds. Then the set of weights 
at each fixed point Pi is 

{ Wij } = {<f>(Pj) - 

Moreover, for each i with 0 < i < ^ — l, 

m) - <KP%) = -^{Pn+l-i) - HPz+l)). 

For any i and j, 4>(Pi) — 4>{Pj) depends on the cohomology class of co. 
When the symplectic classes on M and on Gr 2 (M n+2 ) are the same multiple 
of the generators, the conclusions of Proposition 14.71 imply Theorem 11.31 

The idea of proof of Proposition 14.71 is as follows. We first obtain the 
product of the negative weights at each fixed point, then we obtain the set 
of negative weights at each fixed point. We do the same for the positive 
weights at each fixed point. 

Lemma 4.8. Under Assumption \4-6[ for each i with 0 < i < the product 
of the negative weights at P{ is 

(4-9) Ar = (fi)(Pj) — (j>{Pi)), 

j<i 

and the product of the negative weights at P^+i is 
(4.10) A7 + i= I] {cf>(Pj)-<t>(Pn +1 )). 

i<f 

Proof. By assumption and Lemma 14.41 for i with 0 < i < ^, Mi has the 
same integral cohomology ring as CP*. Since [uj\ is primitive integral, we 
may take 1, [a;], • • ■ , [uff as the generators of the integral cohomology ring of 
Mi (strictly speaking, their restrictions to Mf). Let u be as in Lemma 14. II 
Since 

JJ {u + (4>(Pj) ~ 4>{Po))t)\p j = 0 for all j < i, 
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By Corollary 13.51 

.FI (u + ( 4>(Pj ) — t(P 0 ))t) = ccti if i < and for i = 

j<i 

II {u + (H p j) ~<l>(Po))t) = ca § +dan +1 , 
i<i 

where a* and a^+i are the basis elements as in Proposition 13.91 c and d are 
constants since the degrees of the classes on both sides of the equations are 
the same. Restricting these equations to Mi, and using the same notations 
for u and a*, we get 

(4.11) n(=+ (^(■ P l) - <KPo))t) = cat for 0 < i < §. 

j<i 

By Proposition 13.91 and surjectivity ((3.31) . in Mi, we may assume the restric¬ 
tion of a.i to ordinary cohomology is [uf\ l . Restricting ((4.11(1 to ordinary 
cohomology, we get 


Restricting ((4.11 j> to Pi, by Lemma 14.11 and (|3.10j) , we get (14.9j) . 

The proof of (14.10(1 is similar to that of (|4.9j) for i = By assumption, 
we may assume that the integral cohomology ring of Mn +1 has generators 

1, [cu], • • ■ , [cu] 2 . Consider the restriction of the class rif<f {u + {4>{Pj) - 
4>(Po))t) to Mn + i and use the same arguments as above. □ 

Reversing the circle action, using — cj) and the arguments of the proofs of 
Lemma [4.8l we get the following “symmetric” claims to those of Lemma f4.8l 

Lemma 4.12. Under Assumption \f.6[ for each i with ^ + l<*<n + l, 
the product of the positive weights at Pi is 

(4.i3) v=n(*w-**)). 

j>i 

and the product of the positive weights at Pil is 

At= n 
1>!+1 

Next, we try to get the product of the negative weights at Pi for ^ + 2 < 
i < n + 1. First, for dim(M) > 4, we write some «j|p. +1 in (13.131) slightly 
differently as follows. 


Lemma 4.14. Under Assumption \f.6\ assume that dim(M) > 4. Then for 
each i with % + 1 < i < n, 


A. 


a i\Pi+1 = 


i +1 


±i—l 


m) - m+i) 


(4.15) 
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Proof. By Lemma f2.ll if dim(M) > 4, then H 2 (M;R) = R. By (13.131) . 
Lemma 14.21 and (14.131) . we have 

I _ TT ~ HPj) a -l _ ^j+i a -i 

1+1 a+ m) - m+ 1) ^) - m+i) ' 

□ 


Lemma 4.16. Under Assumption ^. 6\ assume that dim(M) > 4. Then for 
each i with ^ + 2<i<n + l, the product of the negative weights at Pi is 


(4.17) 


Y\ J<l ^{p 3 )-m)) 


Proof. By assumption, for § + 2 < i < n + 1, we may assume that the 
generator of iL 2 * _ 2 (M; Z) is ^[u;]* -1 . Hence, for the basis elements af s with 
^ + 2<i<n + l in Proposition 13.91 we may assume that the restriction of 
a % to ordinary cohomology is \[uj] l ~ l . 

First, we Drove (14. 17|) for P n \ o. The class n i<s+ i (u+{<KPj)-HPo))t) 
has degree n + 2 and its restriction to any P.; with j < 5 + 1 is zero. By 
Corollary E31 

(4.18) JJ (u+ (<f>(Pj) - (j)(Po))t) = aa» + i + ba» +2 , 

i<?+i 

where is also the basis element in Proposition 13.91 and by comparing 

the degrees of the classes, we see that a € iL 2 (CP°°; Z) and b € L7 0 (CP°°; Z), 
i.e., a constant. Restricting ()4.18[) to ordinary cohomology, we get 

M t+1 = ^M ?+1 - 

Hence 

b = 2. 


Restricting (14.181) to P| +1 , using Lemma ITT1 and (14.101) . we get 

a = (</>(P%) - <j>(P& + 1 ))t. 

Restricting (14.181) to -P|+ 2 , using Lemma ITT! and (13.121) . we get 

II + 2 )) = ««f+i|Pn +2 +6A7 +2 . 

J<f • ' 

Using this, the values of a and b, and (14.151) . we get (|4.17l) for P™ +2 - 

Using induction, assume we have the claim (|4.17l) for some Pi with i > 
j + 2. To prove (|4.17[) for P )+ 1 , for similar reasons as above, we can write 


( 4 . 19 ) 


.0 ( u+ OK P j ) “ ‘K-F’o))*) = ca* + daj + i, 
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where c € if 2 (CP°°; Z) and d is a constant. By restricting (14.191) to ordinary 
cohomology, we get 

d = 2. 

By restricting (14.191) to Pi, using (13.12[) and the claim (|4.17|) on A”, we get 

C = (<kp« ) - m) + <kp$+ i) - <x^)) t- 

Finally, restricting (14.191) to p+i, using the values of c and d, and (I4.15p . 
we get the claim (14.171) for P t +\ . □ 

Using — cj) we can similarly prove the following claim. 

Lemma 4.20. Under Assumption ^. 6[ assume that dim(M ) > 4. Then for 
each i with 0 < i < ^ — 1, the product of the positive weights at Pi is 

A+ 

1 {ct>{p^) - m)) + {^+i) - m)Y 

Next, using the product of the weights at the fixed points, we try to obtain 
the set of weights at the fixed points. 

We choose an S^-invariant compatible almost complex structure J on M, 
so we have an S^-invariant Riemannian metric on M. If Xm is the vector 
field generated by the circle action, then the gradient vector field of the 
moment map <f> is 

grad(» = JX M - 

The S' 1 action and the flow of grad(</>) together form a C*-action. The 
closure of a nontrivial C*-orbit contains two fixed points, and it is a sphere, 
called a gradient sphere. A free gradient sphere is one whose generic 
point has trivial stabilizer, and a Z^ gradient sphere is one whose generic 
point has stabilizer Z& C S l for some k > 1. 

Let P be a fixed point on M with Morse index 2k. On the negative normal 
bundle D~f to P, assume S 1 acts as follows: 

A - (z 1 ,z 2 ,-‘ - ,*k) = (X w 1 zi,X W 2 z 2 ,--- , A Wk z k ), 

where (wi, w 2 , ■ ■ ■ ,Wk) are the negative weights at P. The closure of the C*- 
orbit through (0, • • • , 0, Zi, 0, ■ ■ ■ , 0), where i = 1, - ■ ■ ,k, has P and another 
fixed point Q as poles. We call the corresponding gradient sphere a weight 
gradient sphere from P to Q. Similarly, we can define weight gradient 
spheres from Q to P using the positive normal bundle to Q. If a weight 
gradient sphere from P to Q is also a weight gradient sphere from Q to P, 
then we say that there is a weight gradient sphere between P and Q. 
In particular, a Z^ gradient sphere is a Z^ isotropy sphere, so it is a weight 
gradient sphere between the two poles of the sphere. 

In the following lemmas, when we say “gradient sphere”, we are implicitly 
assuming that a suitable almost complex structure is chosen on the manifold. 

We will use the following lemma in our proofs. 
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Lemma 4.21. Let the circle act on a compact symplectic manifold (M, w) 
with moment map fi: M —>■ M. Assume the fixed point set M s consists of 
isolated points, Pq, Pi, ■■■, P m for some m, and there exist real numbers 
oq, a\, ■ ■ ■, Oj-|_ i, • • •, such that 

fi(P 0 ) < a 0 < fi(Pi) <ai< ■ ■ ■ < fi(Pi) < ai < (j>(Pi+i) < a i+ i < ■■■ . 

Assume that in Mj = {x € M \ fi(x) < a*} ; the fixed points Pq, Pi, ■ ■ ■, Pi 
respectively have Morse indices 0, 2, • • •, 2 i, and there is a weight gradient 
sphere between any two fixed points in Mi. Assume Pj + \ has Morse index 
2i + 2, and Mi + 1 = {x G M \ fi(x) < aj+i} has the rational cohomology ring 
of CP i+1 . Then there is a weight gradient sphere from Pj + i to each Pj with 
0 < j <i. 

Proof. We used this idea in [7j. The spaces Mi and Mj + 1 are natural CW 
complexes — their cells are the negative disk bundles of the fixed points 
in them, and the gluing maps are induced by the flow of — grad((/>). The 
space Mi consists of a unique cell in each even dimension 0 , 2 , • • •, up to 2 i, 
and Mj + i consists of a unique cell in each even dimension 0 , 2 , • • •, up to 
2 i + 2. Now, let us only think about the CW-structures of Mi and Mj+i. 
The assumption on Mj means that, at each Pj with 0 < j < i, the CW- 
complex Mi is 2 i dimensional, and any weight gradient sphere coming up 
from Pi + 1 to Pj will indeed increase the dimension at Pj. (If at a fixed 
point Pj in Mj, there is a “non-weight direction”, then a gradient sphere 
coming up from Pj+i to Pj may not increase the dimension at Pj.) Since 
Pj+i has Morse index 2i + 2, there are i + 1 weight gradient spheres from 
Pj+i to the fixed points below P t +\ ■ If two weight gradient spheres have 
the same south pole Pj for some 0 < j < i, then the CW-complex Mj+i is 
at least 2i + 4 dimensional at Pj, contradicting that Mj + i has the rational 
cohomology ring of CP* +1 . □ 

First, we obtain the set of negative weights at Pj with 0<i<^ + las 
follows. 

Lemma 4.22. Assume Assumption \4-6\ holds. Then in each Mi with 0 < 
i < % + 1, there is a weight gradient sphere between any two fixed points. 
Moreover, for each i with 0 < i < %, the set of negative weights at Pi is 

(4-23) {w- j ] = {fi(P J )-m)} j<v 

and the set of negative weights at Pit+i is 

(4-24) H+i,,} = ^ {Pj) ~ ^( P f+i)} i<r 

Proof. We first show the following claim that we will use. Claim: there is 
a weight gradient sphere from Px +2 to Pil, and for each i with ^ + 2 < i < 
n+ 1, there is a weight gradient sphere from Pj to Pj_i. Consider the CW- 
structure of M given by Morse theory. Since the generator of H n+2 (M; Q) 
has to do with the generators of P n (M;Q) (the latter is a factor of the 
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former), the attaching of the n + 2 -cell, the negative disk bundle of Pn .+2 
to the n-skeleton induced by the flow of —grad(^), cannot miss the n-cells, 
in particular, cannot miss Pr . Hence there exists a weight gradient sphere 
from Pj + 2 to P«, and there exists a weight gradient sphere from Pi +2 to 
P™. 1 - 1 . For each i with ^ + 3<i<n + l, for a similar reason, that is, the 
generator of P 2 l_ 2 (M; Q) has to do with the generator of P 2 l ” 4 (M; Q) (one 
is |[cu] l_1 , and the other is \[vj\ l ~ 2 ), there is a weight gradient sphere from 
Pi to Pi- 1 . 

The space Mo only contains the fixed point Pq, so the claims hold for 
Mo- Consider Mi, which contains the fixed points Po and Pi. The fixed 
point Pi has Morse index 2 , its negative disk bundle has to flow to Po, so 
there is a weight gradient sphere from Pi to Po, and (14.91) for Pi is (14.231) 
for Pi. By the last paragraph, there is a weight gradient sphere from P„+i 
to P n , using —if), we have equivalently that there is a weight gradient sphere 
from Po to Pi. Since P\ has index 2 , the weight gradient sphere from Pi 
to Po and the one from Po to Pi must coincide. Now, consider M 2 which 
contains the fixed points Po, Pi and P 2 . By assumption, M 2 has the rational 
cohomology ring of CP 2 . By Lemma 14.211 there is a weight gradient sphere 
from P 2 to each Pj with j = 0,1. Combining with Lemma 14.31 for j = 0,1, 
there is a negative weight wf- which divides <p{Pj) — 0(Pa), then (14.91) for 
P 2 gives us the claim (14.231) for P 2 . We see that the weight gradient sphere 
from Po to Po is an isotropy sphere, hence it is a weight gradient sphere 
between P 2 and Po- Similar to the above, by the last paragraph, there is 
a weight gradient sphere from P n to P n _i, using —<f>, we have equivalently 
that there is a weight gradient sphere from P\ to P 2 . Since the index of P 2 
is 4 and there is a weight gradient sphere from P 2 to Pj for each j = 0,1, 
the weight gradient sphere from P 2 to Pi and the one from Pi to P 2 must 
coincide. (There cannot be a non-weight gradient sphere from P 2 to Po or 
Pi.) So in M 2 , there is a weight gradient sphere between any two fixed 
points. Inductively using the above arguments, we obtain the claims for all 
the Mi s and for all the fixed points involved. □ 

Reversing the circle action, using — Lemma [4.121 and similar arguments, 

we can show the following “symmetric” claims to those of Lemma 14.221 

Lemma 4.25. Assume Assumption |^. 6 ] holds. Then in each M- with 7 ) < 
i < n + 1, there is a weight gradient sphere between any two fixed points. 
Moreover, for each i with ^ + l<i<n + l, the set of positive weights at 
Pi is 

(4-26) {w+} = {cf(P J )-m)} J>v 

and the set of positive weights at Pr is 

(4.27) HMMJ’iJ-WV } 3>t+ r 

In particular, for dim(M) = 4, Lemmas 14.221 and 14.251 give all the weights. 
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Corollary 4.28. Assume Assumption |^, 6 ] holds and dim(Af) = 4. Then 
the set of weights at the fixed points are as follows. 


At Pq 
A t Pi 
At Po 
At P 3 
Moreover, 
(4.29) 


w 0 i = 4>{Pi) - 4 >{Pq), and w 0 2 = f>{P 2 ) ~ <f>(Po)- 

wi 0 = 0(P O ) - (p(Pi), and wi 3 = 0(P 3 ) - (j>(Pi). 

w 20 = <j>(P 0 ) - f>{P 2 ), and w 2 3 = </>(P 3 ) - f>( p 2 )- 

w 3 i = f{Pi) - (/>(P 3 ), and w 3 2 = (j)(P 2 ) - <^(P 3 ). 

<t>( p 3) ~ <t>{P2) = ~ H p o)- 


We can obtain (14.29|) by using Theorem 13.81 to integrate 1 on M. 

Next, we try to obtain the set of negative weights at the fixed points Pfs 
with 7 j + 2 <i<n + l, and the set of positive weights at the fixed points 
Pi s with 0 < i < § — 1. 


Remark 4.30. We had the spaces Mf s in Definition [43J In the proof of the 
following lemma, when we say the “CW-complex Mf , we are only thinking 
about its CW-structure — its cells and the attaching maps induced by the 
flow of — grad(<^>). 


Lemma 4.31. Assume Assumption ^ ,6\ holds. Then for each i with ^ + 2 < 
i < n + 1, the set of negative weights at Pi is 

(4.32) {»-■} = {«*>,) - 

and for each i with 0 < i < ^ — 1, the set of positive weights at Pi is 

(4.33) {»;} = {m) - <KPi)}jXJJn+l-i- 
Moreover, for each i with 0 < i < ^ — 1, we have 

(4.34) 4>(Pi) - f(Pn) = <t>{Pn +1 ) - <t>{P n+l -i). 

Proof. By Corollary 14.281 the claims hold when dirn(M) = 4. So we only 
need to consider dim(M) > 4. 

By Lemmas 14.221 and 14.251 there is a weight gradient sphere between Pn_ 
and Pj for any j 7 ^ ^ + 1, and there is a weight gradient sphere between 
P«_i_ 1 and Pj for any j 7 ^ tk. Since dim(M) = 2 n, there is no weight gradient 
sphere between P™ and P« + j. 

We first prove the claims for P™ + 2 and P^-i- Let Dn +2 be the negative 
disk bundle of P» + 2 . Then we have the following claim (la), and we will 
show the rest. 

(la) there is a weight gradient sphere between P « +2 and Pj with j = 

n 1 -j n 
2 ' 2 * 

(lb) the flow down of Df_ +2 surjects to the CW-complex Mn_±. 

(lc) there is no weight gradient sphere from P 2.+2 to P« _i. 

(l d) there is a weight gradient sphere from P™ + 2 to each Pj with 0 < j < 
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Proof of (lb). Since the generator of P n+ 2 (M;Q) has each of the two gen¬ 
erators of H n (M]Q) as a factor, the flow down of DL „ must surject to the 
interiors of the two n-cells, the negative disk bundles of P ™ +1 and Pi} ■ By 

continuity of the flow, the flow down of Dn, 0 surjects to the intersection 

2 

of the flow downs of the two n-cells. Consider the CW-structures of M» +1 , 
M|, and given by Morse theory, by Lemma 14.221 the intersection of 

the flow downs of the two n-cells is exactly the CW-complex M™_ 1 . □ 

Proof of (lc). By (la) and (lb), we see that the flow down of Df, 9 contains 

Pj with j = ^ + 2, 7 T + 1, §, § — 1. Similarly, the flow up of the positive disk 

bundle Z ?^_ 1 of P^—i also contains these 4 hxed points. Let Mf j be the 

intersection of the flow down of Dn , 9 and the flow up of Hit ,. It contains 

2 ' ^ 2 1 

the above 4 hxed points. Since in Mf 1 , there are only two weight gradient 
spheres from Pa (and from P« +1 ), M ^ 1 is 4-dimensional. Since there are 
already two weight gradient spheres from P™ + 2 , there cannot be a weight 
gradient sphere from P ™ +2 to P«_i, and the point P«_ 1 is the south pole 
of a non-weight gradient sphere from P« + 2 inside the space M^ 1 . □ 

Proo/ 0 / (Id). The Morse index of P « +2 is n + 2. By (la), (lb) and (lc), 
there is a 2 (| — l)-dimensional subspace (Di +2 ) s of PU +9 which is attached 
to the CW-complex M»_ 2 . By assumption, LP(M™_ 2 ;Z) = Z[x]/x 2 _1 , 
where x = [w]. Since 12' 1 ^ 0 in Afa +2 , the attaching of (PL, 2 ) s to the 
CW-complex M «_ 2 makes the resulting space to have the rational cohomol¬ 
ogy ring of CFT -1 . By Lemma 14.221 in M«_ 2 , there is a weight gradient 
sphere between any two fixed points. Using Lemma 14.211 for the attaching 
of the cell (HL +2 ) S to M™_ 2 , we get that there is a weight gradient sphere 
from P« _|_2 to each Pj with 0 < j < ^ — 2 . □ 

By (Id) and Lemma [4.31 there is a negative weight w~^ +2 ■ at P ™ +2 such 
that 

(4.35) ttT +2 j | ( 4>{Pj ) — ^(Pn. +2 )) for each j with 0 < j < ^ — 2 . 

By Lemma 14.251 

(4.36) +2 j = <XPj) - 4>{P% + 2 ) with j = § + 1 and § 

are negative weights at P™ + 2 . Combining (14.361) . (14.351) . (lc), and (14.171) for 
* = ^ + 2 , we get that the set of negative weights at P« + 2 is 

{™f+ 2 j} = {WO - 

moreover, 

<t>(P%- 1 ) - Wf+ 2 ) = <t>(P %) - Wf+ 2 ) + Wf+l) “ Wf+ 2 ), 
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which simplifies to (14.341) for P^-i- Symmetrically, we have similar state¬ 
ments to (la), (lb), (lc) and (Id) for Dt_. and Pn_i by using —0, com- 
billing with Lemma 14.201 we get that the set of positive weights at P^-i 
is 

(4.37) = WPi) ~ «Cs-i)} 5 < 3 <„ + 1 ^j +2 . 

Next we prove the claims for Pn +3 and P«_ 2 . Let Pn +3 be the negative 
disk bundle of P™ + 3 - Let us prove the following claims. 

(2a) there is a weight gradient sphere between Pn +3 and Pj for each 
a — n\nn\-\nn_-t 
J 2 _rz ' , 2 _rx, 2’2 1 ' 

(2b) the flow down of PL +3 surjects to the CW-complex M»_ 2 . 

(2c) there is no weight gradient sphere from Pn +3 to Pn_ 2 - 

(2d) there is a weight gradient sphere from Pn +3 to each Pj with 0 < j < 
no 2 

2 

Proof of (2a). The claim for j = ^ + 2, ^ + 1, ^ follows from Lemma 14.251 
By the last paragraph and (|4.37l) . there is a weight gradient sphere between 
Pni +3 and Pn_i- □ 

Proof of (2b). Since the generator of H n+2 (M- 1 Q ) is a factor of the generator 
of H n+A (M ; Q), the flow down of Df, „ surjects to the interior of the n + 2- 

cell, Pn +9 . Then (2b) follows from continuity of the flow and (lb). □ 

Proof of (2c). By (2a) and (2b), the flow down of DL + 3 contains Pj with 
j = § + 3, § + 2,+ 1,§ — 1, § — 2. Similarly, the flow up of the positive 
disk bundle Dt_r, of P ™_ 2 also contains these 6 fixed points. Let be 

the intersection of the flow down of PL +3 and the flow up of Dt_ 2 . Since 
in Mf_ 2 , there are only 4 weight gradient spheres from P« (and from Pn + 1 ), 
Af £ 2 is 8 -dimensional. Since there are already 4 weight gradient spheres 
from P"+ 3 , there cannot be a weight gradient sphere from Pa +3 to P«_ 2 . 
The point P «_ 2 is the south pole of a non-weight gradient sphere from P 2.+3 
inside M ^ 2 • □ 

Proof of (2d). The Morse index of P™+ 3 is n + 4. By (2a), (2b) and (2c), 
a 2(2 — 2 )-dimensional subspace (PL +3 ) s of Z?n +3 is attached to the CW- 
complex M»_ 3 . By assumption, P*(M|_ 3 ;Z) = Z[x]/x 2 ^ 2 , where x = [a;]. 
Since 12' 2 7 ^ 0 in Af«+ 3 , the attaching of (PU +3 ) S to the CW-complex 
Ms_ 3 makes the resulting space to have the rational cohomology ring of 
CP” 2 . By Lemma [4.221 in M»_ 3 , there is a weight gradient sphere between 
any two fixed points. Using Lemma [4.211 for the attaching of the cell (D„ +3 ) s 
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to Mr_ 3 , we get that there is a weight gradient sphere from Pi i +3 to each 
Pj with 0 < j < ^ — 3. □ 

The rest of the arguments for proving (14.321) for i = % + 3 and (|4.34|) for 
* = ^ — 2 is similar to the last case by using (2a), (2c), (2d) and (14.171) for 
i = § + 3. The proof of (14.331) for i = | — 2 is by symmetry. 

Using the arguments inductively, we can prove the claims for all the fixed 
points involved. □ 


5. When the manifold is Kahler — Proof of Theorem 11.41 


In this section, we prove Theorem 11.41 

By Theorem O the following lemma holds. Here we give another proof, 
so that without Theorem 11.21 we can still prove Theorem 11.41 

Lemma 5.1. Let S 1 act on a compact 2n-dimensional symplectic manifold 
with moment map cj>: M —> R. Assume [cu] is an integral class and 
the fixed point set consists of n + 2 isolated points, Pq, P\, ■ ■ ■, and P n + 1 - If 
the S 1 representations at the fixed points are the same as those of a standard 
S 1 action on G 2 (K" +2 ) with n > 2 even, as in Example 11.11 then 

ci(M) = n[u\. 

Proof. First assume dim(M) > 4. Then by Lemma [2.11 ff 2 (Af;M) = M. 
By assumption, the weights of the S 1 action at the fixed points are as in 
Example ll.il Using Lemma 14.21 we get c\ (Af) as claimed. 

Now assume dirn(M) = 4. Since a\ and a -2 of Proposition 13.41 are basis 
of Hsi(M;Z), we may write 

df (M) = aa\ + bot 2 + ct, where a,b,c € Z. 

Restricting this equation respectively to Poj Pi and P 2 , using Proposition ^. 41 
(and the weights as in Example 1 1.1 1 or more conveniently in Corollary 14.281) . 
we get 

c = To, a = 2 , and 6 = 0 . 

Using Proposition 13.41 Lemma 14.11 (and the weights as in Example 11.11 or 
Corollary I4.28|) , we get that 

u\Pi = Oii\p i for i = 0 , 1 , 2 . 

Since 2Ap 3 > 2 , deg(u) = deg(ai) = 2 , by (13.11) . we have 

u = a 1 . 


So 


cf (Af) = 2 u + r 0 t. 

Restricting this to ordinary cohomology, we get ci(Af) = 2[oS\. 


□ 


The following arguments of proof of Theorem 11.41 was used in [ 6 ]. 

Using a theorem by Kobayashi and Ochiai [5], and by incorporating the 
circle action, we proved the following result, which is part of Proposition 4.2 
in [ 6 ]. 
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Proposition 5.2. Let be a compact Kahler manifold of com¬ 

plex dimension n, which admits a holomorphic Hamiltonian circle action. 
Assume that [w] is an integral class. If c\(M) = n[ui\, then M is S 1 - 
equivariantly biholomorphic to a quadratic hypersurface in CP n+1 = P L)), 

where L is a holomorphic line bundle over M with first Chern class [w] and 
is its space of holomorphic sections. 

Proof of Theorem We may assume that [w] is a primitive integral class. 

By Theorem 11,31 and Lemma 15.11 (or by Theorems 11.21 and 11.31) , we see that 
any one of the conditions in Theorem 11.41 gives that c\ (M) = n[u\. By 
Proposition 15.21 there is an equivariant biholomorphism 

/: ( M,u,J ) (G 2 (M n+2 ) ,u st ,J st ), 

where G 2 (M n+2 ) is equipped with the standard S ' 1 action as in Example ll.il 
oj s t and J s t are standard symplectic and complex structures on G 2 (M n+2 ). 

We may assume that [w s t] is primitive integral and [uj] = [f*u s t\. We con¬ 
sider the family of forms ut = (1 — t)u + tf*u s t on M, where t £ [0,1]. 

Each cot is nondegenerate: for any point x £ M, suppose X £ T X M is 
such that Ut(X,Y ) = 0 for all Y £ T X M. In particular, if Y = JX, then 
u >t(X,JX) = 0. Using the facts u(X,JX) > 0, ffiJX) = J st f*X, and 
w s t(f*X, J s tf*X) > 0, we get X = 0. So ut is a family of symplectic forms 
in the same cohomology class. By Moser’s method, we obtain an equivariant 
symplectomorphism between M and G 2 (M n_l_2 ). □ 
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